We establish the existence of an asymptotic expansion for the heat content asymptotics with inhomogeneous Dirichlet boundary conditions and compute the first 5 coefficients in the asymptotic expansion.
The heat equation with inhomogeneous Dirichlet boundary conditions M. VAN DEN BERG AND P. B. GILKEY 1 We establish the existence of an asymptotic expansion for the heat content asymptotics with inhomogeneous Dirichlet boundary conditions and compute the first 5 coefficients in the asymptotic expansion.
Introduction.
Let M be a smooth compact Riemannian manifold of dimension m with smooth boundary <9M. For </ > e C oc (dM), let £(</>) (t) be the total heat energy content of M where the initial temperature is 0 and where the boundary of M is kept at temperature </>; see §1 for a more precise definition. Let $^ be the harmonic function with boundary value 0. It is well known that for large time the temperature profile of M approaches $^,'and that lim S{<l>)(t) = I <v This is a globally defined invariant which is not locally computable. For short time the total heat content £((/>)(£) has an asymptotic expansion. It is somewhat surprising in contrast to the large time behaviour that the coefficients in that expansion are locally computable. Theorem 0.1. As t | 0, £(</>)(*) = £n>i 13 n ((/))t n / 2 . There exist locally defined geometric invariants B n on the boundary so that B n ((j)) = / 0*5 n . JdM
The coefficients B n ((j)) express the net heat flow into and out of the manifold over the boundary dM. The case <f > = 1 has particular geometrical significance since the coefficients are then invariants of the boundary of M.
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The classical analytical tools to study these inhomogeneous problems rely on explicit formulas for the Dirichlet heat kernel, and are available in a fewspecial cases only. See, for example, Carslaw and Jaeger [4, §9.11-9 .12] for the ball in M 3 . In Theorem 0.2 below, we give the first five asymptotic coefficients; we will use methods of invariance theory to derive these formulas. Let L be the second fundamental form on the boundary, let R be the Riemann curvature tensor of M and let pij := Rikkj be the Ricci tensor. Let ';' and ':' denote covariant differentiation with respect to the Levi-Civita connections of M and of dM respectively. We choose a local orthonormal frame {ei, ...,e m } for the tangent bundle of M restricted to the boundary so that e m is the inward unit normal. Let indices a, 6, c etc. range from 1 through m -1. We adopt the Einstein convention and sum over repeated indices. Here is a brief guide to the paper. In §1, we prove Theorem 0.1. We first establish the existence of the asymptotic expansion and then prove the coefficients are locally computable. In §2, we derive Theorem 0.2 (l)-(4) from previously known results for the homogeneous case. The remainder of the paper is devoted to the proof of Theorem 0.2 (5) . In §3, we establish some product formulas. In §4, we use these formulas to compute B5 and complete the proof of Theorem 0.2.
Heat Content Asymptotics.
We begin by giving rigorous definitions of the heat content functions with which we shall be working. Let D be a scalar operator of Laplace type. For $ e C 00 (M) and </ > e C 00 {dM), let u$(x\t) and u^x^t) mapping M x [0,00) to R be the unique solutions of the equations: (5), and we refer to [2, Theorem 4.2] for the proof of (6) . □
We can now establish the existence of the asymptotic series given in Theorem 0.1 for inhomogeneous boundary conditions. Let $ = $^ be a harmonic function on M so that $|aM = 0-Then $ -u$ satisfies the equations defining u^ so $ -u$ = u^.
Consequently £(0,l,A)(i) = / * -£($, 1, A)(t). Thus the asymptotic series for £'($, 1, A)(t) given in Lemma 1.1 shows there is a corresponding asymptotic series for £ where
The constant term in the asymptotic expansion /?o is cancelled by -/ $ JM so the asymptotic expansion for £ begins with n = 1 and not n = 0. The formalism which expresses B n ((/>) = -/3 n (<b) a priori permits the normal derivatives of $ to enter into the formulas; this would involve the Dirichlet to Neumann operator which is not local. Thus to complete the proof of Theorem 0.1, we must show that the normal derivatives of $ do not appear.
We now recall some local geometry of operators of Laplace type. We begin the proof that the invariants B n are locally computable by constructing a 4-fold decomposition of the invariants /^M of Lemma 1.1 using the parity of the number of normal derivatives of $ and l>. We have to be careful with the decomposition since we could use the identity $ ;aa = $ :aa -L aa $ ;m to mix even and odd parities. We consider bilinear partial differential operators A($, <&) which are invariantly defined and which only involve tangential covariant derivatives of $ and l> using the restriction of the connections V and V to the boundary of M and using the Levi-Civita connection of the boundary. for Aafi e v4. We proceed by induction on n; the cases n = 0 and n = 1 follow from Lemma 1.1. Choose F and F so that
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If n = 2k, we use Lemma 1.1 to see
The argument is similar if n is odd; the interior integrals are not present. □
We can now complete the proof of Theorem 0. In this section, we prove Theorem 0.2 (l)-(4). We begin by recalling some results for the homogeneous case. Let Ct be the curvature of the connection defined by D. We refer to [1, 2] for the proof of the following result; see also 
= E(l,huDi)(t) [ h 2 (v)dvn JMo
The operator Di of Lemma 3.1 is not a general operator of Laplace type. It is defined on a flat manifold with totally geodesic boundary with flat associated connection; the curvature of V and V vanishes. We compute /?5 for such operators in the following Lemma. We complete the proof of the assertion (1) by solving these equations to see ag = 5, aio = 0, an = 9, ai2 = 4, and that ais -0. Assertion (2a) follows directly from Lemma 1.2. Assertion (2b) follows from assertion (1) since l;aa = 5;aa = ^1 u ana l;mra =: 9;mm = ~~~ ' r-I-I
The computation of B5.
In this section, we complete the proof of Theorem 0.2 (5); by equation (1.3) it suffices to compute /?5 (1,1, A) . The second assertion now follows. We use the results of §3 to prove the remaining assertions. We take k = 0 and consider the metric ds 2 We use equation ( Assertion (3) now follows. As a scholium to our computations we see There are no other integral identities among the monomials involved. We 2615 + bie = 0, &15 + 6i6 = -8, 2bi2 + 46i4 = 0, 2bu + ei = 0, &13 + 615 = 0, and -613 + 2bu + 2ei -0.
We use these equations and the preceding assertions to complete the proof. 
